In this work, two quasiparticle excitation energies per particle are calculated analytically for systems with up to N = 7 electrons in both Laughlin and composite fermions (CF) theories by considering the full jellium potential which consists of three parts, the electron-electron, electron-background, and background-background Coulomb interactions. The exact results we have obtained confirm the fact that the CF-wavefunction for two quasiparticles has lower energy than Laughlin wavefunction though the found difference between Laughlin and (CF) two quasiparticle energies decreases as the system size increases.
Introduction
Many experiments have reported results that support the concept of fractionally charged quasiparticles in an electron gas under fractional quantum Hall effect conditions (see reference [1] and references therein). These quasiparticles can be anyons, an exotic type of particle that is neither a fermion nor a boson [2] . Composite fermions of Jain [3] are also examples of such quasiparticles that are used in describing fractional quantum Hall effect (FQHE) ground states. Either Jain composite fermion wavefunction or Laughlin wavefunction [4, 5] satisfactorilly describes FQHE ground states at the filling ν = 1/m, m odd, to the point of being identical to each other. However, the wavefunctions for the excitations are different, which provides an opportunity to carry out a comparison between Jain and Laughlin wavefunctions even at the filling factor ν = 1/3. Thereafter in this paper, when speaking about quasiparticles (quasiholes), we will just mean quasiparticle (quasihole) excitations. In a previous study aimed at explaining the nature of quasiparticle excitations in the fractional quantum Hall effect [6] , the authors of this investigation focused on the case ν = 1/3, and used only electron-electron Coulomb interaction. Their results for the two quasiparticle energy obtained by numerical Monte Carlo simulations revealed peculiar features, namely the wavefunction of Laughlin for two quasiparticles has much higher energy than Jain wavefunction, and in addition to that, the observed discrepancy increases as the system of electrons grows. These findings are also confirmed in reference [7] via analytical calculations. In this paper, we again undertake the work of reference [6] but by considering the full jellium potential which consists of three parts, the electron-electron, electron-background and background-background Coulomb interactions, then analytically calculate besides the energy of the two quasiholes, the energy of the two quasiparticles for both Laughlin and Jain theories at the filling ν = 1/3 for systems with up to N = 7 electrons. The main concern of this work is to investigate, using only analytical calculations and focusing on the case ν = 1/3, the differences between Laughlin and Jain theories in describing the two quasiparticle excitation, to determine whether there is a large discrepancy between the two approaches, and whether this discrepancy increases as the system of electrons grows as it is reported in reference [6] . In a broader perspective, the topic of quasiparticle excitations can be used in anyonic or non-abelian exchange statistics [8] [9] [10] [11] that are seen as promising areas of research especially in topological quantum computation (TQC) [12, 13] .
The paper is organized as follows. In section 2, a theoretical setting is presented. In section3, details about quasiparticle and quasihole excitation energies are presented clarifying their inherent definitions. In section 4, we present the method of calculation of the energies for the single quasiparticle and quasihole excitations. In section5, the two quasiparticle and quasihole energies are derived. Some concluding remarks are given in section 6.
The model
Let us consider N(> 2) electrons of charge (−e) embedded in a uniform neutralizing background disk of positive charge Ne and area S = πR 2 , where R represents the radius of the disk. This 2D electronic system is subjected to a strong perpendicular uniform magnetic field B in the z direction, and the underlying physics is governed by the full jellium interaction potential V,
where V ee , V eb and V bb are the electron-electron, electron-background and background-background interaction potentials, respectively. Their corresponding expressions are as follows:
2)
3)
where r i (or r j ) denotes the electron vector position while r and r are background coordinates. S(B) is the area of the disk and ρ(B) is the density of the system (the number of electrons per unit area) that can also be defined as 5) where l(B) = c/eB is the magnetic length, c is the speed of light, B is the magnetic field strength and ν is the filling factor. The background-background interaction potential can be calculated classically without using the wave function of the electron system. Its value is determined analytically [14] and is given by
Henceforth our concern will be only directed to V ee and V eb . For a given wavefunction ψ χ (r 1 , r 2 , . . . , r N ), where χ can be either L or CF to designate Laughlin or composite fermion (CF) description, the electron-electron and electron-background interaction energies are written as [14] ,
7)
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where Z is nothing else than the norm, that is
Taking into account the fact that [15] 
the expression of V eb χ can also be written as follows:
where J n (x) are n-th order Bessel functions. In a complex notation, equations (2.7) and (2.10) transform into,
Moreover, in order to investigate the differences between two descriptions for the quasiparticle, we analytically calculate the expectation values of V ee χ and V eb χ for each χ-description. The energy V bb is of the same value in both theories because it has no dependence on the wave function. The excited state energy per particle is defined asε χ =ε eeχ +ε ebχ +ε bb whereε χ = V χ /N,ε eeχ = V ee χ /N, ε ebχ = V eb χ /N, andε bb = V bb /N are, respectively, the total, (e-e), (e-b), and (b-b) energies per particle in the χ-description. The wave function of the quasihole is the same for the two theories, hence its energy has no impact on comparing the two theories, but its value is crucial to compute the energy gap of the first or second excited state.
Definition of the quasiparticle and quasihole
Let us define the energy of the quasiparticle. To this end, we follow the lines of reference [16] wherein two definitions are proposed for the quasiparticle energy, the gross and the proper energies which evidently lead to identical results for the energy gap. In this work, we adopt the proper energy as a definition for the quasiparticle. We start with a ground state of N electrons at the filling ν = 1/3 immersed in a strong magnetic field B 0 , then we keep N constant and reduce the magnetic field by a factor of (mN − 1/mN), with m = 1/ν. As one has l(B) = c/eB, the magnetic length will be increased by the factor mN/(mN − 1), that is l(B) = mN/(mN − 1)l 0 with l 0 = c/eB 0 , thus the outer radius of the occupied electron disk is the same as the original ground state leading to a reduction in the uniform electron density elsewhere in the disk in proportion to the reduction of B according to ρ(B) = 1/2πl 2 (B). The quasiparticle energy is defined as the difference between the energies of excited and ground states of systems with the same number of particles N as well as the same physical area S 0 , and slightly different values of the magnetic field [16] . Thus, we refer to ε − χ as the quasiparticle energy per particle in the χ-description which reflects the change in potential energy upon removing one quantum of the magnetic flux from the system, i.e., ε
where ε is the total ground state energy per particle at ν = 1/3 which is calculated analytically for various values of N in reference [17] , its corresponding wave function is [5] ,
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where distances are measured in units of the magnetic length l 0 , unless otherwise noted, hence S 0 = π(2mN). Similarly, for the quasihole energy, upon adding one quantum of magnetic flux to the system, the magnetic field is increased by a factor of (mN + 1)/mN, the magnetic length is then reduced by the factor of mN/(mN + 1), and the outer radius is maintained identical to the original ground state radius, the quasihole energy is then given by
as underlined above, the quasihole energy is the same in both theories.
The single quasiparticle and quasihole
Let us start by giving the formulae of the quasiparticle wavefunctions in both theories. For Laughlin, the effect of piercing the quantum fluid at the origin with an infinitely thin solenoid and removing through it a flux quantum φ 0 = hc/e adiabatically motivates the following wavefunction for the quasiparticle [5] ,
In CF theory, the single quasiparticle wavefunction is given by [6] ,
where the prime denotes the condition j i or k i and ψ GS (l) is the ν = 1/3 ground state wave function at magnetic length l(B). The single quasiparticle energy is defined by [16] ,
as noted in the definition of the quasiparticle energy [16] ,
with S = π 2(Nm − 1) as though l is set to one and,
where various energies per particle are as follows,
the factor x − 1 = 1 − 1/mN, and R = 2(mN − 1). We know that the factor x − 1 tends to one for very large size systems (realistic systems), but as in most many-body analytical calculations, we are limited to small systems of several electrons. This situation can be improved by considering the following formula for the quasiparticle energy (to ovoid the energies less than or nearly ground state energies),
The wavefunction of the quasihole at the origin is given by [5] ,
In this case, we adopt the following expression for the single quasihole energy,
with
12)
and R = 2(mN + 1). The results are given in the subsequent paragraph.
The results for the single quasiparticle and quasihole
We draw up three tables corresponding to various energies for the quasiparticle and quasihole, then a comparison is made between the wavefunctions of Laughlin and Jain. We noticed that the wavefunction of Laughlin for the single quasiparticle has a lower energy than the (CF)-wavefunction, but this is only a feature of small size systems for two reasons. First, if we look carefully at the fourth column in tables 1 and 2, it can be realized that, for N = 6 , 7 electrons, the (CF)-wavefunction for the single quasiparticle has lower (e-e) interaction energy than Laughlin wavefunction, and for N large, only the (e-e) interaction energy is crucial for the asymptotic limit value while the electron-background (e-b) and (b-b) interaction energies cancel because they are divergent terms with respect to N together with the divergent part of the (e-e) interaction energy. Second, if we look at the difference (ε − 1CF − ε − 1L ), it can be easily noticed
0003, that is the energy difference is decreasing with increasing N. As concerns the energy gap, from tables 1, 2, and 3, it can be verified that, for N = 7 electrons, the energy gap for both Laughlin and Jain (CF) wavefunctions is nearly 0.099. Table 1 . The single quasiparticle excitation energies (in units of e 2 /l 0 ) are given for the Laughlin wavefunction at the filling ν = 1/3 for systems with up to N = 7 electrons. In the sixth column are given the energies of the ground state at the filling ν = 1/3 reported in references [17, 18] . 
Two quasiparticles and quasiholes
In the case of two quasiparticles, we also have two different wavefunctions. For Laughlin, the effect of removing the two quantum flux at the origin enhances the following wavefunction [6] ,
as a generalization of the single quasiparticle wavefunction. However, the (CF)-theory gives the following wavefunction for two quasiparticles at the origin [6] ,
It can be verified that the (CF)-wavefunction for two quasiparticles can be expressed as [7] ,
where the prime denotes the condition k i and k j. Similarly, the wavefunction of the two quasiholes at the origin is given by,
4)
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as a generalisation of Laughlin formula for the single quasihole [5] . Using equations (2.11) and (2.12) to compute the expectation values of various interactions, we obtain the energies of the second excited state (with two quasiparticles / two quasiholes at the origin) for both Laughlin and CF theories. The results are given in the tables below. One can observe from tables 4 and 5 that the (CF)-wavefunction for two quasiparticles has lower energy than Laughlin wavefunction. We expect that this feature remains even for large N because in this case, also the (e-e) interaction in Jain (CF)-description has lower energy than that in Laughlin theory. The variation of the difference (ε − 2L − ε − 2CF ) with (1 √ N) is plotted in figure 1 . Similarly, from tables 4, 5, and 6, it can be derived that, for N = 7 electrons, the second excited state energy gap is nearly 0.19 for the (CF)-wavefunction and 0.2 for Laughlin wavefunction. 
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Concluding remarks
In this work we analytically calculated the quasiparticule energies per particle for both Laughlin and Jain (CF) theories for the most stable FQHE state which is the ν = 1/3 state. The results concerning the single quasiparticle energies obtained in each theory sustain the idea that Jain (CF)-wavefunction for the single quasiparticle has a lower energy than Laughlin wavefunction. Moreover, it has been observed in reference [6] that ψ qp 2L has much higher energy than ψ qp 2CF , and the noted discrepancy increases as the system of electrons grows. The results of this work confirm the feature that ψ qp 2CF has lower energy than ψ qp 2L , but do not sustain the idea that the energy difference increases as the system size grows, because it can be noticed that [∆E 2 (N = 6) − ∆E 2 (N = 5)] = 0.00477 and [∆E 2 (N = 7) − ∆E 2 (N = 6)] = 0.003148, that is the difference is decreasing as N augment as shown in the figure above. In spite of that, it would be interesting to push the analytical calculations to N > 7 electrons in order to better clarify the result of comparison between Laughlin and Jain wavefunctions for the quasiparticle excitations.
Новi точнi аналiтичнi результати для збудження двох квазiчастинок при дробовому квантовому ефектi Гола З. Бентала Унiверситет Тлемсена, лабораторiя теоретичної фiзики, 13000 Тлемсен, Алжир У данiй роботi здiйснено аналiтичне обчислення енергiй двохквазiчастинкове збудження для систем з N = 7 електронiв у вiдповiдностi до теорiї Лафлiна та теорiї складних фермiонiв, враховуючи повний по-тенцiал желе, який складається з трьох частин, кулонiвських взаємодiй електрон-електрон, електрон-фон та фон-фон. Точнi результати, отриманi в данiй роботi, пiдтверджують, що хвильова функцiя складних фермiонiв для двох квазiчастинок має меншу енергiю, нiж хвильова функцiя Лафлiна, хоча знайдена рi-зниця мiж енергiями двох квазiчастинок Лафлiна та складних фермiонiв зменшується зi збiльшенням розмiру системи.
Ключовi слова: дробовий квантовий ефект Гола, сильно скорельованi системи, квазiчастинковi збудження
